J. Appl. Maths Mechs, Vol. 63, No. 5, pp. 803-808, 1999

© 2000 Elsevier Science Ltd

@ Pergamon All rights reserved. Printed in Great Britain
PII: S0021-8928(99)00101-X 0021-8928/99/$—see front matter

www_elsevier.com/locate/jappmathmech

THE METHOD OF BOUNDARY INTEGRAL EQUATIONS
IN UNSTEADY BOUNDARY-VALUE PROBLEMS OF
UNCOUPLED THERMOELASTICITY¥

L. A. ALEKSEYEVA, A. N. DADAYEVA and N. B. ZHANBYRBAYEV
Alma-Ata
(Received 20 October 1998)

A development of the method of boundary integral equations for solving unsteady boundary-value problems of uncoupled
thermoelasticity is presented. In the case of plane deformation, an algorithm for the numerical implementation of the method
is presented and the results of calculations of a thermally stressed plane with apertures of circular (the test problem) and arched
forms are given for the case when there is a specified unsteady heat flux on the boundary. © 2000 Elsevier Science Ltd. All rights
reserved.

Unlike the case of dynamic problems in the theory of elasticity, there have only been a few studies of
the dynamics of thermoelastic media with stress concentrators in the form of cavities and inclusions of
various shapes. The class of particular solutions of the equations of thermoelasticity has been thoroughly
investigated [1], mainly in the case of domains with a canonical form of the boundaries, where the
methods of separation of variables and integral transforms are successfully used. The use of these
methods in domains with a complex geometry is extremely restricted and frequently impossible. One
of the potentially useful methods for solving such problems is the method of boundary integral equations,
which was developed in [2-5] to solve static and quasistatic problems in thermoelasticity. There are
only a few investigations of dynamic problems which take account of the inertial terms in the equations
of motion which are based on this method and these are mainly of a theoretical nature. The present
paper is concerned with the development of these problems.

1. FORMULATION OF THE PROBLEM

We consider a thermoelastic medium S~ which is bounded by a closed smooth Lyapunov surface §
and n is the unit vector of the outward normal to S. The mode! of uncoupled thermoelasticity [1]

(c?-cd) u; +02Au +F=u, (1.1)
AB(x, 1) — k~'0(x, 1)+ g(x,1) = 0 (1.2)
Oy (%, 1) = Wu; j+u )+ (A )0 (1.3)

=G, ~0;, iLjk=12 y=aBA+2p)/p

is used to describe the motion of this medium.

Here, A and p are Lamé constants, p is the density, c;, ¢, are the velocities of propagation of the
longitudinal and transverse waves, o is the coefficient of linear thermal expansion, k£ = »/(pc) is the
thermal conductivity, c is the specific heat capacity, 8 is the relative change in the absolute temperature,

u; are the components of the stress and strain tensors, which are connected by the Duhamel-
N’eumann relations (1.4), G; are the components of the bulk force, and 3; is the Kronecker delta.
Henceforth, derivatives with respect to the corresponding coordinates: uy; = d* u;/oxox;, 6; = 96/dx;,
are denoted by the symbol after the comma in the subscript, and time derivatives are denoted bya dot
Summation from 1 to 2 is carried out everywhere over repeated indices. At the initial instant of time
t=0

wx,0)=0, xeS™+S8;, ux,0=0, xe$ (1.4)
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6(x,0)=0, xeS +S§ (1.5)
The acting loads and the heat flux on the boundary of the domain are known

o;(x,0n;(x) = p;(x,1), O ;n;=q(x,t), xe§ (1.6)

By virtue of the hyperbolic nature of system (1.1), the following conditions for the discontinuities in
the derivatives in the wave fronts [6]

must be satisfied for the class of solutions which are continuous with respect to the derivatives. Here
v = ¢}, ¢, is the rate of propagation of the discontinuity surface and v are the direction cosines of the
normal to it.

It is required to find 6,3, u;, 8 in the medium for the specified boundary and initial conditions (1.4)~(1.6)
and conditions (1.7).

2. FORMULATION OF THE PROBLEM IN
LAPLACE TRANSFORM SPACE

A Laplace transform with respect to ¢
+oo
u(x,p)= [u(x,0)eP'dt, Rep=p,>0
0

is used to solve the problem. The problem can then be subdivided into two boundary-value problems.
We first solve the following problem.

The boundary-value problem for determining the temperature field. Equation (1.2) is transformed to
the form

AB(x, p)~ k™' pB(x, p) + & (x, p) = 0 2.1)
Initial condition (1.5) is transformed into the asymptotic condition

lim pB(x,p)=0, xeS +S$
poroe

The boundary condition has an analogous form
g—: =g(x,p), x€$§ 22)

After the temperature field has been determined, we solve the following problem.
The boundary-value problem for determining the thermoelastic displacements u,. The equations of motion

(c,z—c%)u,-,ij +022A7ij—y§'j+5j =p217j, ihj=12 (2.3)

contain the temperature gradient, which is now known.
Initial conditions (1.4) are transformed into the asymptotic conditions

lim pig(x,p)=0, xeS +8; lim p%a(x,p)=0, xeS~
Py p—reo
Boundary conditions (1.6) have the form
G;i(x,p)n;(x)=P;(x,p), xeS

The method of boundary integral equations (BIEs) is used to solve both problems.
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3. BOUNDARY INTEGRAL EQUATIONS FOR A TIME-DEPENDENT
PROBLEM OF UNCOUPLED THERMOELASTICITY

The methods of the theory of generalized functions is used to determine the temperature field using
the technique which has previously been described in [6]. In the space of generalized functions, the
equation of the temperature field (2.1) has the form

AB(x, p)— pk™B(x, p) = —n;(x)0;8(x, p)5(x) -
—9,(n;(x)8(x, p)85(x)) ~ Z(x, p)H5 (X) (3.1)

1, xeS

8(x,p)=08(x, p)Hy(x), Hs(X)={%, xe§
0, xeS'

where f(x)ds(x) is a singular generalized function—a single layer in the set S, with density f(x) [7] and
H(x) is the characteristic function of the set S

By convolution of the right-hand side of (3.1) with Green’s function 0 (x, p), we obtain an analogue
of Green’s formula in the space of generalized functions

é(x, p)=0"(x, p)*G(x, p)dg(x)+3 fé' (x,p)*n j(x)ﬁ(x, pXg(x)+
+8"(x, p) * 2(x, p)H; (X) (3.2)

where

' (x,p)=2m) 'K, x 1 p/k) (3.3)

We write the integral representation of the transform of the temperature field (3.2), taking account
of (3.3), in the form

270(x, pYH; (x) = [ Ko(ryp/k)E(, p)dv (Y)+£Ko(r«/P/k)?1'(y, p)ds(y)-
-

—\/p/kg Ky (rfplk)r;nj(y)8(y, p)ds, r=lix—yl (3.4)

where K, (pr/c,) are McDonald functions. For x € §, the third integral on the right-hand side is taken
in the sense of the principal value.

Relation (3.4) forxe Sisa singular BIE which enables us to find the transform of the temperature
9(x, p) in S if the heat flux g (x, p) is known. Numerical methods are used to solve these equations
in the case of an arbitrary contour S. After solving the BIE using Eq. (3.4), 8(x, p) is recovered for
xe S

4. DETERMINATION OF THE STRAIN AND STRESS FIELDS

If the temperature field (x, p) is known, one can solve the second boundary-value problem, since
the temperature field now appears in (2.3) in the form of a known “mass force”. We next assume that
G; = 0. The required solution can be represented in the form

#(x,p)=70(x,p)+'(x,p), &;(x,p)=0y+3j 4.1)

where u9(x, p) is the solution of the homogeneous equation (we shall call it the “elastic solution” which
corresponds to (1.3), F;” = 0) and u’(x, p) is a particular solution of the inhomogeneous equation (2.3)
(which is conventlonally called the “temperature solution”). The potential method, which we previously
developed to solve problems in elastodynamics [6] is used here to construct the BIE for determining
the dlsplacements a’(x, p).

The function u%(x, p) is sought in the form of the potential of the single layer
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. (x,p)= J i(X— ¥, P)9;(y, P)AS(y)

where (}ij(x, p) is Green’s tensor of the equations of elastodynamics [6, 8] and the density g;(y, p) is the
solution of a BIE of the form

0.5¢;(x, p) = !T_‘k (X, ¥, PP, (y, P)AS(y) = fi(x,p), XES

Here,
Fi(X, p) = Pi(x, p)— G (x, p)n;(x), X€S (4.2)

The particular solution of Egs (2.3) has the form of a convolution of the “mass force” generated by
the temperature field with Green’s tensor U (x, p) which (when G; = 0) reduces to the form

a; (x, p) = w2nc)™" [0(y, p)K,(pr!c,)ridv(y) (4.3)
A

The thermal stresses generated by these displacements are given by the formula
Ei;-(x, P)= 8 (x, p)* G, (x, p)—YO(x, p)H5 (x)8; —
B (X, p) % 3,8(x, p)Hs (X)+ 15, (%, p) x B(x, P, Bg(x) (4.4)
S;x.p)=ATL 8, + U5 +Tk)

Here S,](x p) is the fundamental stress tensor generated by U (% p).
We write relation (4.4) in the integral form

G} (x, p) =~Y0(x, p)H; (x)o; -y j k(x,y, p)—D2El e(y :P) dv(y)
™ Ic
+Y[ 8 (x,y, PYOCy, p)ny (y)ds(y) (4.5)
S

Forx e §7, all the integrals exist but, when x € S, the last integral in (4.5) has a strong singularity since

Ky(ryfpl k)~ (r[p/k)™ when r >0

Formula (4.5) contains temperature derivatives and is inconvenient for numerical calculations. It is
transformed to a form which does not contain 8 ;.

We now consider relation (4.5) for the case when x € S”. Using Gauss’ theorem and regularizing the
volume integrals which arise here, we obtain a formula for calculating the thermal stresses when
xe §

65-(x,p)=v[£ [8(y,0) - 8(x, p)I®; (x — y, p)dv(y) +

+6(x,p)£§,-,’-‘<x,y. p)m(y)ds(y)]—vé‘(x, P)H; (x)3; (4.6)
a§ pp pr
! =
(%Y, p) = EN v 2n? (((26‘ I)K()(—'c1 )'*'

2 C pr pr pr

Relation (4.6) does not contain temperature derivatives and is more convenient for numerical
calculations.
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Formulae (4.6) cannot be used when x € § since the second integral on the right does not exist. Taking
the limit in (4.6) with respect to x — x* (x € 5, x* € S) and using a previously obtained formula
(6, p. 144] we obtain G(x, p) on the boundary.

As a result, we havet

Sh(x, p)=y[j [8(y. ) - B(x, p)I®}(x.y, p)dv (¥) + (4.7)
N

+V.p SE %y, PYO(X, PIny (y)ds(y) + c2B(x, pImn; = B(x, )5 + 78;)),
S

for the thermal stresses when x € §.
Formula (4.7) enables us to find the right-hand side of BIE (4.2). After solving these equations, we
determine the strains and stresses in the medium uvsing relations (4.1).

5. AN ALGORITHM FOR THE NUMERICAL SOLUTION OF THE
BOUNDARY-VALUE PROBLEM OF THERMOELASTICITY

The proposed algorithm consists of severe steps: interpolation of the boundary contour using cubic
splines, construction of the discrete analogues of the BIEs by a piecewise-constant approximation of
the temperature by means of a linear approximation ¢(x, p) in each boundary element, the use of Gauss’
quadrature formulae to evaluate the surface and volume integrals, the solution of the discrete analogues
of the BIEs for the temperature for a specified sequence of values of the Laplace transform parameter
{p«}, calculation of the transform of the “temperature” strains and stresses, solution of the discrete
analogue of the BIE for the density ¢(x, p) for the specified sequence {p;} and calculation of the originals
of the resulting strains and stresses by numerical inversion of the Laplace transform.

Discrete analogues of the BIEs were obtained in the form of a system of linear algebraic equations,
the order of which is determined by the number of boundary elements N (see the paper cited in the
footnote).

Evaluation of the volume integrals (4.3) and (4.7) presents a certain amount of difficuity. The
calculations were carried out for a plane with an aperture of arbitrary form (external problems). In
order to do this, the domain § was subdivided into zones which were commensurate, close to the
boundary, with the size of the boundary elements. Cubic functions in the form of a plane element were
used when integrating inside the curvilinear elements.

Two inversion schemes were used for the numerical inversion of the transforms of the solutions: the
Papoulis scheme [9), for which a knowledge of the transform of the solution on the real axis is required,
and a discrete Laplace transform [10] for complex values of p.

An analytical solution of the problem of the thermally stressed state of a plane weakened by a circular aperture
(see the paper cited in the footnote), with the boundary conditions when R = |ix|l = 1

q(x,t)= H(t), o (0 (x)=0, ij=12 5.1

was used to test the algorithm. In (5.1), (H(¢) is the Heaviside function). The following values of the dimensionless
parameters were used in the calculations: v =0.25,p=1,¢; =1, y= 1,k = 1.

Calculations of the temperature transform 6(x, p) showed that the relative error £ decreases as the number of
boundary elements N is increased. For instance, at p = 0.1, R = 1 an increase in N from 12 to 60 leads to a decrease
in € from 0.015 to 0.003, at p = 0.1, R = 1.5 it leads to a decrease in € from 0.0014 t0 0.0002,atp =2, R=1toa
decrease in € from 0.057 t0 0.011, and at p = 2, R = 1.5 to a decrease in € from 0.017 to 0.003. The same is observed
in the case of the value of Ggg calculated at R = 1 (on the boundary of the contour).

The values of the temperature and the shear stresses, calculated using the Papoulis scheme and using the discrete
Laplace transform were practically identical: the relative error was less than 0.01.

In order to illustrate the possibilities of the algorithm developed above, problems were solved on
the determination of the thermally stressed state of a plane, weakened by an arch-shaped aperture
(Fig. 1) acted upon by a constant heat flux of the form (5.1) (see the paper cited in the footnote) and
a pulsed heat flux

tDADAYEVA, A. N, The method of boundary integral equations in a time-dependent boundary-value problem of
thermoelasticity. Candidate dissertation, Almaty 1995.
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Fig. 1.
g(x, ) = tHOH(1~ 1)~ (t = 2)H(t —)HQ2 ~ 1) (5.2)

Here, the transform was inverted using the Papoulis scheme.

The results of the calculations at the characteristic points of the arch in the case of (5.2) are shown
in Fig. 1. Curves t1-¢4 correspond to the values of the temperature 6(x, ¢} at the four points of the arch:
(0,0), (0,9, 0), (1, 1), (0, 2) (curves £2 and 3 pass between ¢1 and #4 and are not shown in Fig. 1) and
nl-n4 are the values of the normal stresses in the tangential planes of these points. The temperature
and stresses at the points of the arch where the curvature is continuous are of a pulsed nature, similar
to (5.2). An oscillatory process occurs at points 2 and 3, where the curvature has a discontinuity. Note
that instability in the numerical recovery of the originals occurs at long times, which does not enable
the asymptotic behaviour of the solutions with time to be followed. However, at short times, which are
characteristic of transients, the algorithm for a calculation based on the BIE method is quite stable.

REFERENCES

. NOWACKI, W, Thermoelasticity. Pergamon, Oxford, 1962.

2. KUPRADZE, V. D., GEGELIYA, T G., BASHELEISHVILI, M. O. and BURCHULADZE, T. V., Three-dimensional
Problems in the Mathematical Theory of Elasticity and Thermoelasticity. Nauka, Moscow, 1976

3. SLADEK, J,, SLADEK, V., BIE method in thermoelasticity. Part 3. Uncoupled thermoelasticity. ZAMM, 1990, 70, 141-144.

4. DURGUSH, G. FE and BANERIJEE, P. K, Development of a boundary element method in time-dependent plane
thermoelasticity. Int. J. Solid and Struct. 1989, 25, 9, 999-1021.

5. SMITH, D. W. and BOOKER, J. R., Boundary integral analysis of transient thermoelasticity. Int. J. Numer. and Anal. Meth.
Geomech. 1989, 13, 3, 283-302.

6. AITALIYEV, Sh. M., ALEKSEYEVA, L. A,, DICDABAYEYV, Sh. A. and ZHANBYRBAYEV, N. B., The Method of Boundary
Integral Equations in Problems of the Dynamics of Elastic Multiply Connected Bodies. Galym, Alma-Ata, 1992.

7. VLADIMIROV, V. S., The Equations of Mathematical Physics. Nauka, Moscow, 1988.

8. CRUSE, T. and RIZZO, F. J., A direct formulation and numerical solution of the general transient elastodynamic problems.

-

J Math. Anal. Appl. 1968, 22, 1, 244-259.
9. PAPOULIS, A., A new method of an inversion of the Laplace transform. Q. Appl. Math. 1957, 14, 4, 405-414.
10. WILCOX, D. J. and GIBSON, L. S., Numerical Laplace transformation and inversion in the analysis of physical systems.
Int. J. Numer. Meth. Eng., 1984, 20, 8, 1507-1519.

Translated by E.L.S.



